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Precept Notes

S. Yost
November 7, 2007

Rigid Body Motion and Statics
Part 1

Announcements

• Problem set 7a is due Thursday. Sets are 
now up throught 9a.

• Read Chapter 13.
• For now, concentrate on fixed-axis 

rotations, where the axis direction doesn’t 
change, and statics.  Stop when they start 
talking about the “cross product” and 3d.

• We will consider 3d problems next week.
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Rotational Analogies

• The physics of rotations of a rigid body 
about a fixed axis is in many ways 
analogous to the one-dimensional motion of 
a point particle.
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A particle travels 
a distance x at 
velocity v = dx/dt.

A disk rotates an 
angle q at angular
velocity w = dq/dt.
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Rotational Analogies

Linear Motion:

distance x

velocity v = dx/dt

acceleration 
a = dv/dt

Rotational Motion:

angle q

angular velocity w = dq/dt

angular acceleration
a = dw/dt

Constant Acceleration

Linear Motion:

v = v0 + at

x = x0 + v0t + ½ at2

v2 = v0
2 + 2a(x – x0)

Rotational Motion:

w = w0 + at 

q = q0 + w0t + ½ at2

w2 = w0
2 + 2a(q – q0)
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Example

A centrifuge accelerates from rest to 20,000 
rpm in 5.0 min.  What is its average 
angular acceleration?

a = w / t.   t = 300 s.  
w = 2pf = 2p (20,000 rev / 60 s) = 2094 rad/s

a = (2094 rad/s) / 300 s = 6.98 rad/s2

Example

How many times does the centrifuge spin during these 5 
minutes?
Revolutions = q/2p = wavg t /2p with wavg = ½ wmax

= ½ fmax t
= ½ (20,000 rpm)(5 min)
= 50,000 rev.

Or, use q = ½ a t2 to get the same result with more work.
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Rotational Dynamics

The cause of acceleration is force:

F = ma

What is the cause of angular acceleration?

We need a rotational analog of Newton’s law.

Rotational Force
We want a law that says 

the “rotational force” = 
“rotational mass” x a.

Let’s try pushing a mass m 
on a stick of length L 
around in a circle.

Applying a force anywhere 
along the rod will give the 
mass acceleration.

But it’s not just F = ma, 
because the pivot also 
applies a force to the rod.

R����� m
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Rotational Work and Energy
It may be easier to start with 

work and energy. Can we 
find a rotational analog of 
the work-energy theorem

Fx = ½ mv2 ?
This would be something like
“rotational force” x q 
 = ½ “rotational mass” x w2.
That would give us the two 

things we need.
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Rotational Work and Energy
Pushing the rod through 

angle q takes work               
W = RFq

The mass attains kinetic 
energy 

K = ½ m(Lw)2. 
Therefore, 

RFq = ½ mL2 w2.
“Rotational Force” = RF.
“Rotational mass” = mL2.
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Rotational Work and Energy
RFq = ½ mL2 w2.

Define torque t = RF.
Define moment of inertia
 I = mL2.
Then       tq = ½ Iw2.
This is the rotational work-

energy theorem.
Rotational work = tq .
Rotational KE = ½ Iw2.
These are the correct names.
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Rotational Force Law
For constant torque, take the 

derivative of 
tq = ½ Iw2.

This gives
tw = Iwa

so that t = Ia .
This is the rotational analog 

of Newton’s law. 
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Moment of Inertia

You can generalize this to 
a rigid body by taking a 
continuous distribution of 
mass. Add up the 
moments of inertia for all 
the little pieces dm 
making up the rigid body.

This one is a little 
complicated.

Let’s look at a simpler 
one. 

M
�����

Moment of Inertia

For example, the 
moment of inertia of a 
hoop of radius R and 
mass M about an axis 
through the center is 

I = MR2

since all parts are the 
same distance from 
the center.

R

M
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Moment of Inertia

You can think of this 
as adding the 
moments of inertia of a 
lot of point masses dM
distributed uniformly 
around the circle.

You don’t have to 
assume the mass is 
uniform!

R

dM

Moment of Inertia

They are all the same 
distance from the 
center, so adding them 
up gives an integral, 

I =  � R2 dM

= R2 � dM = MR2

R

dM
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Moment of Inertia

For a more complicated 
object, add up contributions

dI = r2 dM
for all little bits of mass dM
making up the body. 

r is the perpendicular 
distance from the mass bit 
to the axis.

dMr

Moment of Inertia of Disk

Find I about an axis 
through the center for a 
solid disk of uniform (2d) 
density  r = M/A = M/pR2.

We can add up thin rings of radius r 
and thickness dr between 0 an R. 
The mass of each ring is          
dM = (length)(thickness) r

= (2prdr) r .
This is exact in the limit dr 0.

R

r

dr
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Moment of Inertia of Disk

dM = (2prdr) r with 
r = M/A = M/pR2.

Integrate:
I = � r2 dM

= � (2pr r) r3dr
= 2pr (R4/4) =  pr R4/2.

Use expression for r to write 
this in the more common 
form

I = ½ MR2.

R

r

dr

Common Moments of Inertia

hoop disk

rod solid
sphere

I = MR2

I = ½ MR2

I = ML2/12 I = 2/5 MR2
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Solid vs Hollow Sphere

If a solid and hollow sphere 
have the same mass and 
size, which has a bigger 
moment of inertia about an 
axis through the center?

• The hollow one, since the 
mass is distributed further 
from the axis.

Solid

Hollow

2/5 mR2

2/3 mR2

Parallel Axis Theorem

The moment of inertia 
about any axis can be 
found if it is known 
about an axis through 
the CM:

Suppose ICM is the 
moment of inertia about 
an axis through the CM.

CM

M
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Parallel Axis Theorem

The moment if inertia 
about a parallel axis a 
distance h away will be 

 Ih = ICM + Mh2.
 This is called the parallel 

axis theorem.
 This works for any 

object.

CM

h

M

Torque

t = R F sin q .

The definition of torque is 
the perpendicular 
component of the force 
times the distance from 
the pivot to where it acts:

t = R F ^

where     F^ = F sin q.

Then
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F

Torque

R
q

t = R F sin q 
gives the right sign if q is
measured from R to F,
and taken to be positive
counterclockwise.

Sign convention:
• Counterclockwise torque

is positive.
• Clockwise torque is 

negative.

F
^̂̂̂
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Alternate picture. Extend 
line through F, and find
the perpendicular distance 
L from this line back to the
pivot.   Then 

t = LF.

L is called the “lever arm”
of the torque.

q
L
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Torque Example

What is the torque of F
about P?

When the force is 
known in 
components, it is 
often easiest to treat 
the components as 
separate forces, then 
add the torques from 
each component.x

y
F

y
=
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m

F

P

y
Fx = 2 N

Torque Example

What is the torque of Fy
about P?
|t| = xFy = 4 m x 5 N

= 20 m.N
This is counter-

clockwise, so it is 
positive:
t = 20 m.N

x

y

F
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=
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3 
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Torque Example

What is the torque of 
Fx about P?
|t| = yFx = 3 m x 2 N

= 6 m.N
This is clockwise, so it 

is given a minus 
sign:
t = -6 m.N
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y
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Torque Example

• What is the torque 
of F about P?

• The torques add 
for the two 
components:

 t =  xFy – yFx

 =  14 m.N
x

y

F
y
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Torque Example

The equation

t =  xFy – yFx

gives an alternative 
expression for the 
torque of force F
applied about the 
origin at position             
R = xi + yj.x
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Rigid Body Motion

Force causes the CM of an object to accelerate:
F = ma.

Torque causes rotation of the object about the CM:

t = I a.
The energy of a rigid body is a sum of the KE of 

the CM motion and the KE of the rotational 
motion about the CM:

K = ½ mv2 + ½ Iw2.
We will consider only fixed axis direction for now.


