Intuitiv e understanding of non-gaussianit y in ekpyrotic and cyclic models
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It hasbeenpointed out by seweral groupsthat ekpyrotic and cyclic models generatesigni can t non-
gaussianity. In this paper, we presert a physically intuitiv e, semi-analytic estimate of the bispectrum.
We show that, in all such models, there is an intrinsic contribution to the non-gaussianity parameter
fn o that is determined by the geometric mean of the equation of state wex during the ekpyrotic phase
and w¢ during the phasethat curvature perturbations are generated and whose value is O(100) or
more times the intrinsic value predicted by simple slow-roll in ationary models, f I "¢ = O(0:1).
Other contributions to fn ., which we also estimate, can increasejf y | j but are unlik ely to decrease
it signi cantly, making non-gaussianity a useful test of these models. Furthermore, we discuss a
predicted correlation betweenthe non-gaussianity and scalar spectral index that sharpensthe test.

. INTR ODUCTION

Obsenations of the cosmicmicrowave background and
large scale structure have provided strong evidence for
a nearly scale-invariant spectrum of primordial adiabatic
density uctuations with perhapsa slightly red tilt [1, 2].
The key cosmologicalquestionis: how wasthis spectrum
generated? Two medanisms are currently known, in-
ation [3{6] and ekpyrosis [7{11]. In ation is a period
of acceleratedexpansionfollowing the big bang, charac-
terized by a large Hubble parameter H and an equation
of state w 1. Ekpyrosis is a period of ultra-slow
cortraction precedingthe big bang, characterized by a
smallH andw 1. One way of distinguishing the two
mechanismsis by measuringthe spectrum of primordial
gravitational waves|[7, 8, 121 whose amplitude, propor-
tional to H?2, is exponertially dierent in the in ation-
ary versusekpyrotic/cyclic models. A secondapproac,
recertly emphasizedby seweral groups analyzing di er-
ent types of ekpyrotic models [13{18], is by measuring
the non-gaussiancortributions to the density uctuation
spectrum; e.g. the bispectrum, parameterizedby the pa-
rameter f . [19], aswell asthe correlation betweenf |
and the scalar spectral tilt ng [18].

The purpose of this paper is to provide a physically
intuitiv e semi-analytic estimate of the contributions to
the bispectrum that makesclear why measuringboth the
non-gaussianiy and the scalar spectral tilt is a good ap-
proach for testing ekpyrotic scenariosof various types,
including the cyclic model. We show that ekpyrotic and
cyclic models generically produce non-gaussianiy of the
\lo cal" type[20] with anetvalueof fy | that is at leastan
order of magnitude greater than the value predicted by
simple slow-roll in ationary models(fy. . 1). The pre-
diction is timely becausethis value is large enoughto be
detectable in near-future cosmic microwave badkground
studies. The current bound reported by the WMAP col-
laboration, 9< fy. < 111and 0:94< ng < 0:99 at 2
[1] already intrudes on the ekpyrotic range. The uncer-
tainty in fy . will improve modestly with further WMAP
data, and then dramatically ( fn_.  5) with the forth-
coming Planck satellite mission and large scalestructure

studies.

The reasonwhy the non-gaussianity in ekpyrotic/cyclic
modelsis generically sewveral orders of magnitude greater
than in in ationary modelscanbetraced to the di erence
in the equation of state during the period that density
uctuations are generated. In standard versionsof both
models, the density perturbation spectra have their ori-
gin in scalar elds ; which dewvelop nearly scaleinvariant
perturbations while ewlving along an e ectiv e potential
V( i). During an in ationary phase,the potential must
be nearly constart in order to obtain wiy 1 or,
equivalertly, inf %(1+ Wint ) 1: This meansthat the
in aton is a nearly free eld with nearly gaussianquan-
tum uctuations. The non-gaussianamplitude depends
on the deviation of the potential from perfect atness or,
equivalertly, on how closethe slow-roll parameter
and its time variation are to zero. This intuitiv e argu-
ment is consistert with the quartitativ e expressionob-
tained by Maldacena [21], for example. By cortrast, a
negative, exponertially steeppotential is required to ob-
tain Weg 1 or, equivalently, ek 1 in an ekpyrotic
phase,which meansthat the scalar elds have signi cant
nonlinear self-interactions whose magnitude dependson
how large ¢k is. Becausethe magnitude of ¢ is O(100)
or more times larger than s , the scalar eld contribu-
tion to the non-gaussianily { which we will call the \in-
trinsic" part { is signi cantly larger for ekpyrotic/cyclic
models[10, 1315, 17, 18§].

The magnitude of and its ewolution during the last
60 e-folds also determines the spectral tilt in the two
models. Hence, there is a natural correlation between
ns and non-gaussianiyy which makesthe combined test
more powerful than either individually [18]. The fact that
the obsened spectral tilt only deviatesby a few per cernt
from scale-invariant [1] tendsto force wis to be closeto
-1 and wei to be much greaterthan +1, accenuating the
di erence in the predictions of the two models.

This intuitiv e argumert only refers to the intrinsic
cortribution to the non-gaussianiy, but this is enough
to argue why ekpyrotic/cyclic models generically pre-
dict jfn L] to be seweral orders of magnitude greater than
the value in in ationary models. Even if the additional
e ects discussedbelow add or subtract from jfyLj in



the ekpyrotic/cyclic model, obtaining a value lessthan
one (that is, in the in ationary range) would only occur
through accidertal cancellationsof independert terms at
the two- or three-decimallevel, which is highly unnatural
[22]. Conversely it is possibleto add featuresto in a-
tionary models (such as curvatons, non-standard kinetic
energy density, etc., with certain parameters) that en-
hance the non-gaussianiyy beyond jfyj = 1. However,
theseare unnecessaryembellishmerts, and, when added,
can produce virtually arbitrary fy_ of either sign.

The predictions can be further re ned by taking ac-
court of how the scalar eld uctuations are transformed
into curvature perturbations. In in ationary models, the
scalar eld uctuations directly produce curvature per-
turbations that are growing modesin an expanding uni-
verse. Consequetly, the tiny intrinsic non-gaussianit/
in the scalar elds discussedabove translates directly to
a tiny non-gaussianity in the curvature uctuations (if
no embellishmerts are added). In ekpyrotic/cyclic mod-
els, the curvature perturbations produceddirectly by the
scalar elds are decaying modes. Hence,the processin-
volves scalar eld uctuations rst producing growing
mode entropic perturbations during the ekpyrotic phase
and, then, converting them to curvature perturbations
just before the bounceto an expanding phase[10, 11].
It is notable that the equation of state during this con-
version (or ) can be quite di erent from the equation
of state during the ekpyrotic phase (or ¢). Sincethe
ertire curvature perturbation is produced by this con-
version, even the intrinsic contribution is necessarilyaf-
fected by ., aswell as ¢. In fact, as we will show
below, the intrinsic fy turns out to be proportional to
their geometric mean. Hence, the magnitude of fy_ in
ekpyrotic/cyclic models can be considerably lessif the
corversion takes places in a kinetic energy dominated
phasewhen . = 3 ek, S&, rather than in the ekpy-
rotic phase[18]. This accourts for why the predictions
for f\ L werefound to be signi cantly greaterin the new
ekpyrotic model [13{15] compared to the cyclic model
[18], although both models predict values much greater
than the in ationary case.

The conversion mechanism is also important for de-
termining the sign of the intrinsic contribution to fy.
For example, the cyclic model discussedin Ref. [18] pro-
ducesa positive intrinsic fy, whereasthe sign is typ-
ically negative for the caseconsideredin Ref. [13{15].
Furthermore, the conversion from entropic to curvature
perturbations necessarilyintro ducesan additional corntri-
bution to the non-gaussianit, which will be analyzedbe-
low. We will seethat there are substartial regimeswhere
this contribution is smallerin magnitude comparedto the
intrinsic contribution, but alsosubstartial regimeswhere
it is larger and can even reversethe sign. In the latter
case,the net non-gaussianiy tends to be solarge that it
is already ruled out by existing experimernts.

This paper is designedto translate the intuitiv e dis-
cussionabove into simple semi-analytic estimates, mak-
ing clear those aspects that are highly model dependert

and those that are generic. The conclusionsthemsehes
are not so original; for the most part, they appear in
earlier papers focusing on particular examples[10, 13{
15, 17, 18]. Our intent hereis more modest: to provide
simple expressionsthat clarify their origin and physi-
cal interpretation, sothat the signi cance of forthcoming
non-gaussianily tests can be better appreciated. The or-
ganization of the paper is asfollows: in the next section
we set up our notation while reviewing the context of the
calculations performed later in the paper. In section|ll
we derive the intrinsic non-gaussianity presert in the en-
tropy perturbation in ekpyrotic models. This allowsusto
presert an order-of-magnitude estimate of the resulting
curvature perturbation in section IV, before proceeding
to discussvarious conversion mecanismsin more detail.
Section V contains the conclusionsthat we draw from
our analysis.

Il.  SETUP

In the ekpyrotic/cyclic model, the 4d e ectiv e theory
describingthe universearound the time of the big bangis
given by gravity coupledto two minimally coupledscalar
elds with potentials. (This is the casein heterotic M-
theory [23], for example.):
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where H = a=a; a denotesthe scalefactor, and V;. | =
(@=@;) with no summation implied. In a contracting
universe,a growing mode is given by the entropy pertur-
bation, namely the relative uctuation in the two elds,
de ned (at linear order) as follows [24]

S (a4 2 = 1)=_ (4)

where we have de ned
q

2
— -1

+ 3 (5)
The entropy perturbation is gauge-irvariant and it rep-
reserts the perturbation orthogonal to the badckground
scalar eld trajectory, as shown in Fig. 1; seeRef. [25]
for its de nition to all orders. Its equation of motion, up



to secondorder in eld perturbations, is [25]
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where we have neglecteda non-local term that is unim-
portant in ekpyrotic models [18]. Note that this is a
closedequationfor the entropy perturbation. HereV de-
notes a derivative of the potential along the background
trajectory and the successie derivativesof the potential
with respect to the entropy eld are given by
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The angle of the badkground trajectory is de ned by
[24 coq ) = 4=_;sin( ) = »=_andthus _—= Vs=_:
The parameter and the equation of state parameter w
are related to the background ewolution via
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—_(1 + = -
SA+W) o= (10)
and the ekpyrotic phasecan be characterized by 1
111, INTRINSIC NON-GA USSIANITY

The entropy perturbations are generated during the
ekpyrotic phase,when the potentials are given by
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i.e. the potentials are negative and steep. Here we con-
siderc; = ¢;( 1) > Oand c; = ¢;( 2) to be slowly vary-
ing in time, while V; and V, are positive constarts. The
ekpyrotic phasequickly attens the universe,sothat we
can assumea at Friedmann-Robertson-Walker (FRW)
badkground with line elemert ds? =  dt? + a?(t)dx?: If
the ¢ are exactly constart and moreover jc;j 1; then
the Einstein-scalar equations admit the scaling solution
2 49— X 2
_ p. A 2\ /. =Dt * = -
a=( t)° .—Ciln( Vi=2t); p @

12)
This solution describesa very slowly contracting universe
with p 1.

3

During the phasein which the entropic perturbations
are generated, — = 0, which corresponds to a straight
badkground scalar eld trajectory. In this case,we de ne

-2 -4, (13)
and, with this notation, ¢c; = ¢, and
j CiCo
= 14
ek 2(1+ 2) ( )
Results are not very sensitiveto  sowe take = O(1)

throughout. The equation of motion reducesto the sim-
ple form

1
's+ 3H s+ Vgs S+ Evsg,s,( s)2=0, (15)
where for constart ¢; we have Vos = 2=t and
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Then the ertropy perturbation, up to secondorder in
eld perturbations, is given by [15, 18]

st) = sW()+ sP (1)
t t
= Sena o+ & Sena ) (17)
where
2. 1) P _ 2 1)p
4 1+ ?) 4

Thus, the intrinsic non-gaussianily preser in ekpyrotic
models (secondterm in (17) above) is of order O(" “ek)
and it is due to the steepnessof the potentials and the
resulting self-interactions of the scalar elds. This is in
sharp cortrast with in ation, where the intrinsic non-
gaussianity is extremely small due to the atness of the
potential (or, equivalently, i 1).

IV. CONVERSION
A. An estimate of intrinsic fnL

What is measuredis not directly the non-gaussianity
presert in the entropy perturbation, but the non-
gaussianiy it imprints on the curvature perturbation.
Thus, it is important to know the strength with which
this intrinsic non-gaussianily getstransferred to the cur-
vature perturbation. The time ewolution of the curvature
perturbation to secondorder in eld perturbations and
at long wavelengthsis givenin FRW time by [25]:

H s iz(vss +42)( sW)y2:

R = (19)



At linear order, a non-zero entropy perturbation com-
bined with a bending (-6 0) of the background tra jec-
tory sourcesthe curvature perturbation on large scales
and results in a linear, gaussiancurvature perturbation

Z
R, = 2_H _s® (20)
t
Z T _
_ 2 @ .
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wherewe denotethe duration of the conversionby t and

the sign correspondsto a contracting universe. Thus the
strength of conversionis proportional to 1=" "¢ and this
dependenceon the equation of state will have repercus-
sionsfor the magnitude of the secondorder correction as
well.

Here, aswith all the contributions to non-gaussianiy
discussedn this paper, the uctuations are generatedby
the scalar elds with canonical kinetic energy density, so
they generatenon-gaussianify of the \lo cal" type, asde-
ned in Refs.[19{21]. The local wavelength-independen
non-gaussiancortribution to R can then be character-
ized in terms of the leading linear, gaussian curvature
perturbation R accordingto

— 3 2.

R=R_L ngLRL, (22)

using the sign convertion for wavelength-independert

non-gaussianiyy parameter fy_ in [19. Then the con-
tributions to fy . can be divided into three parts [18]
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f inir insic arisesfrom the direct translation of the intrin-
sic non-linearity presen in the entropy perturbation into
a corresponding non-linearity in the curvature perturba-
tion. By cortrast, f /'™ and f M9 rad woyld be
non-zero even if the entropy perturbation were exactly
gaussian. Both cortributions are due to the non-linear
relationship betweenthe curvature perturbation and the
ertropy perturbation, asexpressedn equation (19) - the
di erence is that f,"® '@ gets generated during the

ekpyrotic phaseand f %" during the conversion.
The intrinsic non-gaussianity canbe estimated by com-
bining equations(17), (21) and (23):

s £ "7
f intr insic Z e S(1) 2
NL 3RE ¢ R
P c ek- (26)
It is given by the geometric mean of the parameters

during the phasesof generation and conversion of the

4

perturbations. This is perhapsthe mostimportant result
becauseit xes a rough magnitude for jf yj which can
only be signi cantly reducedthrough accidertal cancella-
tions due to the other terms or other e ects not included
in the presert analysis. It explainsin a nutshell why the
non-gaussianiy in ekpyrotic/cyclic modelsis necessarily
more than an order of magnitude greater than in sim-
ple in ation models, and it explains why the equation of
state during conversion can have a signi cant quartita-

tive e ect on the prediction.

To go beyond this qualitativ e estimate to a more pre-
cise one, we need to take accourt of the details of the
corversion mechanism. We will now discussthe various
possibilities consideredin the literature, namely conver-
sionduring the ekpyrotic phase,after the ekpyrotic phase
during kinetic energy domination, and cornversion after
the big bang by modulated preheating.

B. Conversion during kinetic energy domination

In the original ekpyrotic and cyclic models, the phase
dominated by the steep, ekpyrotic potential V( ) comes
to anend (at t = teng < 0) before the big crunch/big
bang transition (t = 0), and the universebecomesdom-
inated by the kinetic energy of the scalar elds. Conse-
quenly, the equation of state at t = teng changesfrom
ek 1to = 3(correspondingto w! 1, the equation
of state for a kinetic energydominated universe). In this
subsection, we consider the case where the cornversion
from entropic to curvature perturbations occurs during
this kinetic energy dominated phase. This occurs natu-
rally in the heterotic M-theory embedding of the cyclic
model becausethe negative-tension brane bounceso a
spacetime singularity [26] { creating a bend in the tra-
jectory in eld spacein the 4d e ectiv etheory { beforeit
collides with the positive-tensionbrane (the big crunch-
big bangtransition). This bending of the tra jectory auto-
matically inducesthe conversion of entropy to curvature
perturbations [11]. Here we will not restrict the analysis
to this particular example, but we will considerthe gen-
eral situation in which the scalar eld trajectory bends
in a smooth way during the phaseof kinetic energydom-
ination following an ekpyrotic phase.

We can immediately perform an order-of-magnitude
estimate of the non-gaussianily since during the kinetic
phase . = 3; and so (26) would lead us to expect fy .
to be of order

p

fne ek O(c): (27)

Assuming ¢; 6 c;, the potential during the ekpyrotic
phasefalls o more steeply on onesside of the background
scalar eld trajectory (the \ridge") than onthe other. We
will identify theseasthe \steep" or \shallow" directions,
respectively, and continue to usethesedesignationsafter
the ekpyrotic phaseis over and the potential is negligible.
The bend can be described as one of the elds re ect-

ing, while the other is not changed signi cantly. Fig. 1
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FIG. 1: The entropy perturbation, denoted s, is orthogonal
to the trajectory in eld space. During the ekpyrotic phase,
the trajectory follows a ridge along the potential. For 6 1,
the potential going away from the ridge falls o more steeply
on one side than the other. During conversion, the bend can
be towards the shallow direction, as shown here, or towards
the steep direction.

shows an example of where the tra jectory bendstowards
the shallow direction. Without lossof generality, we will
consider tra jectories with < 0 (where > = ) and
—> 0: With this convertion, 1< < Oande> 0 cor-
respondsto bending towards the shallow direction. This
parameter range includesthe cycﬂig model basedon het-
erotic M-theory where = 1= 3. Therange < 1
and e< 0 correspondsto a bend towards the steepdirec-
tion. We will treat the bend asif only one eld re ects
( 2). Other casescan be related to these represera-
tive examplesby changing the coordinate systemin eld
spaceappropriately; we have cheded that our results do
not depend sensitively on this simpli cation. In the het-
erotic M-theory example, the re ection occurs because

2 comescloseto a boundary of moduli space( , = 0)
and is forced to bounce [26]. For the purposesof this
study, we will treat the re ection as being due to a po-
tential, VR( ,); an additional contribution unrelated to
the exponertial potentials that weredominant during the
ekpyrotic phase(but which are negligible during the ki-
netic energy dominated phase).

It is important to know the ewlution of the erntropy
perturbation during the processof corversion. If there
is a phaseof pure kinetic energy domination before the
conversion, then the badkground scalar eld trajectory is
also a straight line during this phase,but with the po-
tentials beingirrelevant. The equation of motion reduces
to

1
s + n s=0; (28)
and by matching onto the ekpyrotic solution and its rst
time derivative at t = teng We nd

s(t) sM () + s@ (1)

t
et“d)+ e s2q(1+ 2In

tend
" )29)

Send (1 +1In

Incidentally, note that

S 1
t s In( t) (30)
during the kinetic phase, while during the ekpyrotic
phaset s  s: This obsenation will simplify our analy-
sis later on.

During the conversion, even though the kinetic energy
of the scalar elds is still the dominant cortribution to
the total energy the potential VR( ,) that causesthe
bending hasa signi cant in uence on the ewolution of the
ertropy perturbation. To analyze this, we will approxi-
mate (asin [16]) the bending of the tra jectory to be grad-
ual by taking —constart and non-zerofor a period of time

t; starting from t = t; ¢ : Note that, assumingthe total
angle of bending is O(1) radian, we have j4 15t ¢
in this case. Then one can relate the derivatives of the
potential to expressionsinvolving —; for example

VR = 22+ (31)

T
Assuming a gradual corversion ( t t;¢ ), We can ig-
nore higher derivativesof . (In [18] it was shown that
sharp transitions lead to unacceptably large values of
fnL; hencethese casesare of lessphenomenologicalin-
terest.) To satisfy the constraint on the amplitude of the
curvature perturbation obtained by the WMAP obsena-
tions, we set t;¢f 1O3MP|l [11]. At linear order, the
equation of motion (6) then reads

1
s 130 s+ (24 Sysh=0 (@

As indicated by equation (30), we can set s(l) =0asa

rst approximation and, thus, neglectthe damping term
in the equation of motion. Also, we will simply ewalu-
ate the coe cien t of the last term midway through the
re ection, and de ne

s

! - 1+

—(trer + t=2)
For a gradual re ection ! (2 3)= Then the solution
for the linear entropy perturbation is

S(l) = 5(1) (tr of ) cos! (t tr ef ):

Instead of cortin uing to grow logarithmically, the entropy
perturbation actually falls o during the conversion, see
Fig. 2. This has the consequencethat the corversion
from entropy to curvature perturbations is lesse cien t
than one might have naively thought. From (21), we can
estimate

(34)

r Z r

wI N
|
wI N

= s (trer ) sin!
(35)
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FIG. 2: The evolution of the linear entropy perturbation dur-
ing conversion: the solid (blue) line shaws the actual evolution
calculated numerically, while the dashed (purple) line shows
the approximate solution (34) with | = 3; _= 1=t and
trer = 400M, . For the purposesof illustration, s™ (ter)
has beennormalized to 1.

where we have used . 3, which is a good approxima-
tion for subdominant re ections (and acceptablefor the
estimating purposesfor dominant ones). Since! t 3;
the entropy perturbation ewolvesover nearly a half-cycle
and consequetly sin! t is a small factor which we will
take to be about 1=3 in our estimates, which ts well
with numerical results.

We also needto know the ewolution of the secondor-
der entropy perturbation during the time of conversion.
Using the sameapproximations asabove, the equation of
motion (6) simpli es to

.5(2) +12 S(2) iy 2( S(l))Z =0 (36)
where s is givenin (34). Putting — _ at the start
of the re ection and keepingin mind that we imposethe

boundary condition .s(z) 0, the solution for the second
order erntropy perturbation is given by
5(2) = 5(2) (tr ef ) COS{! (t tref )]

+ %2( s (tref ))2 4cod! (t  tref)]
+4 cOS! (t trer)] + OSIN[! (t trer)]

+ Sin[! (t tref )] Sin[3! (t tref )] : (37)
At large « (or, equivalertly, large jg), the secondor-
der entropy perturbation falls 0 in the sameway asthe
linear perturbation, but at small je there are signi cant
correctionsto this behavior. We will also needthe inte-
gral

Z .
C 2 @ = (1 + 2In(tend =trer)) sin(! t)e
t (1 + In(tend =tref))? !
t sin(! t) sin2 t)
+
2 3l o 38
where C = s (t¢r). In all casesof interest, the last

two terms are negligible.

We are nally in a position to evaluate the various
cortributions to the non-linearity parameter fy: The
intrinsic contribution, de ned in (23), becomes

fll\ll’ﬂ[ insic Ap ; + B; (39)
with
. 573 (2 1)1+ 2In (teng =trer))
51 2
B = (40)

2" 62sin?(! 1)

Eq. (39) is one of our key results becauseit shows that
the essetial cortribution scalesin a simple way with ¢
and has a value that exceedsthe total fy_ for simple
in ationary modelsby more than an order of magnitude.
As suggestedby Eq. (26), the rst term in f I insic can
be re-expressedas O (* ¢ ek) With . = 3. This contri-
bution comesdirectly from the non-zero s@ generated
during the ekpyrotic phase, which is due to di erences
between the shallow and steep side of the badground
eld trajectory. It is interesting to note that, in the case
wherec; = c;or = 1,thereisnoasymmetry and A
is zero; nevertheless,f [l NS¢ js non-negligible because
of the positive o set B generatedby the linear entropy
perturbation s during corversion, the piece propor-
tional to ( s®)2 in (37).

Using the de nition (24) together with (31) it is
straightforward to seethat for cornversion during the ki-

netic phase,f (% **"" s always negative, and it can be
estimated as
5 Z
f lecti 2t 0 T\ D)2
fl(leL ection GRE t(z_t+ X S())
15! 2 jtres +  t=2
— J ref J' (41)
82sin°(! t) t
wherewe have used t;ef — 1 and
VA
, 1 t.
tsin®! (t tref) E(tref + 7) t; (42)

t

which is a valid approximation since s ewlves over
approximately a half-cycle. The integrated contribution
to fnyL generated during the ekpyrotic phase gives an
additional cortribution of

. 5
P = Ry (% )’

5! 2
42(1+ In (teng=trer))2sin’(! 1)

(43)

Note that neither the re ected nor the integrated cortri-
butions depend on ¢; they both simply shift the nal
result by a (positive) number depending on the sharpness
of the transition and the duration of the purely kinetic
phaserespectively.
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FIG. 3: A comparison of the estimate of the total fy . given
in Eq. (44) with the numerical results from seweral examples
of conversion occurring during the kinetic pDhase. The plot
conrms that fn. grows linearly with & “ek: The shaded
right side of the gure correspondsto 1< < 0, the case
in which the trajectory bendsto the shallow side, as shovn
in Fig. 1 and as occurs in the cyclic model. Note that this
range encompassesghe WMAP5 bounds 9< fy. < 111
(95% con dence) [1]. Bends in the opposite direction push
fnL to obsenationally unacceptable negative values. The
sample models are represenativ e of the range of models and
parameters shown in [18].

The total f | isthe sum of all the above contributions.
Sincewe are only consideringgradual conversions,we ex-
pect the ratio jt,¢f + t=2j= t to lie between1 and 2.
Also, the duration of the pure kinetic phasebetweenthe
end of the ekpyrotic phaseand the conversionis necessar-
ily rather short, sothat we expect In(teng=tre) . O(1):

Putting everything together, we get the following esti-
mate:

f lotal (12e+ 50)

= 12 85

150+ 15
(44)

where the sign of e dependson whetherj j< 1or > 1.
In terms of the parameter

2 1p__

fye 4 o 85

(45)

Figure 3 shows that this estimate agreesreasonablywell
with the results from exact numerical calculations. The
obsenationally acceptablerangeoverlapsthe caseswvhere
the eld trajectory bendsto the shallow side( 1< <
0) asis the casefor the cyclic (heterotic M-theory) ex-
ample.

We can sharpen the prediction for the expected non-
gaussianily by including the constraint that we would
also like the models to produce a nearly scale-irvariant
spectrum of curvature perturbations. In terms of
and its derivative with respect to the number N =
In(aeng Heng=aH) of e-folds remaining before the end of

the ekpyrotic phase,the spectral index is given by [11]

nz1r 2 O a
ek dN
As discussedin [11], achieving a red spectral tilt con-
sistert with best-t measuremen (ns  0:97) typically
requires ¢ N5 2 whereN 60 is the number of
e-folds before the end of the ekpyrotic phasewhen the
mode of interest exits the horizon. Using the heterotic
M-theory example for illustration, it is easyto seethat
this correspond to valuesof e in the range (5 20) and
that these satisfy the current obsenational constraints
onfyL at the 2 level. That is, the obsenationally al-
lowedrangeof f \ . overlapsthe allowedrange of spectral
tilt without any additional parametersor tuning, anim-
portant consistencyched for the model.

(46)

C. Conversion during the ekpyrotic phase

In the \new ekpyrotic" scenario[13, 14, 27], the corver-
sion of entropy to curvature perturbations takesplacebe-
causethe badkground trajectory switchesfrom the two-
eld unstable scaling solution to a single- eld attractor
solution; in other words, the trajectory starts out close
to the ridge of the two- eld potential and then falls o
one of the steep sides, either becauseof the initial con-
ditions or due to an additional feature in the potential.
Adding a feature to the potential makeslittle di erence
to the results as long as the re ection remains gradual,
so in fact we will not consider an additional potential
VR in this section. Sincethe corversion happensduring
the ekpyrotic phase,i.e. while the ekpyrotic potentials
arerelevant, .= ¢k; and from (26) we expect the non-
gaussianity to be of order

fne e O(F): (47)

As showvn by Koyamaet al.[15], the N formalism is well
suited to treating this case,with the result that the total
local non-linearity parameter is given by
5
12C12’
where the index j correspondsto the eld that becomes
frozen in the late-time single- eld solution. As a ched,
we have performedthe direct integration of the equations
of motion numerically [29], and we nd resultsthat arein
good agreemen with the above analytic estimate. Note
that the sign of f | is always positive for these cases.
A qualitative understanding of this result can be
achieved in the presert context as follows: from (23) we
can seethat, since H=_is negative and approximately
nstart, the sign of f i"si s given by the sign of
—s@: In practice, numerical simulations indicate that,
for cornversionduring the ekpyrotic phase,we have

fne = (48)

. 1
14 m (49)



during most of the conversion, but with _growing faster
towards the end. We will use this numerical input to
guide our analysis. The sign of f ' "s'c is essetially

determined by the sign of —s® towards the end of the
period of corversion. Naively it is dicult to perform a
purely analytic estimate of fy in the current scheme,
since all the terms in the equation of motion (6) go as
cit 4; howewer, equation (49) tells us that

jVesj = 2=t2 2 (50)
and so there are surprisingly few terms in the equation
of motion for s®@ that are actually important during
(most of) the time of conversion. In fact, to a rst ap-
proximation, we are simply left with

0= ( Vst Ve)(SU)% (5D)
Initially Vsss 4eVss; but Vgss decreasesn importance
asthe single- eld scaling solution is reached. Thus, even
though the Vsss term determinesthe initial ewvolution of

s@: evertually the Vss term dominates. Then, since
Vss < O it is easyto seethat the sign of s®@ is al-
ways drivento be oppositeto that of _; and consequetly
f inir insic s negative in all cases.

However, equations(24) and (50) imply that
is always positive and, sinceit is proportional to R 2t
is also of order O( «): This implies that there will be
a competition betweenthe two cortributions. Numerical
integration then showsthat we always havejf | %" j >
jf intr insic. - \hile f "°9 r2d 5 completely negligible in all
cases.Consequetly, the total fy turns out to be pos-
itiv e and moreover in reasonably good agreemen with
the N result (48) (within a factor of 2 or so). Clearly,
the N formalism provides a more elegart derivation of
this result, but it is gratifying to seethat it can also be
reproduced by direct integration of the equations of mo-
tion. It is not clear at presert whether the discrepancy
by a factor of up to about 2 betweenthe numerical and
the N result is due to the limitations of the numerical
calculation (and in particular the fact that in thesemod-
els —_keepsgrowing throughout the conversion phaseso
that the numerical calculation hasto be cut o at some
point) or due to the approximations usedin the N cal-
culation. But in most casesthis is really a rather minor
discrepancy

In Ref. [16] an approximate formula for f | was pre-
serted basedon the equationsof motion rather than the

N formalism. However, the ewvolution of the ertropy per-
turbation during conversionwas neglected,which meart
for example that values of f It Insic of either sign were
found. Our results here show that this approximation
was too crude and that the implied dependenceon pa-
rameters of the potential is actually more complicated
than indicated in [16]. Given that the estimate for fy
in the caseof ekpyrotic corversionis already on the bor-
derline of being ruled out by obsenational limits, it is

f r ef lection
NL
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important to have a more precise estimate or a full nu-
merical estimate to be sure a given model is allowed.

We also note that if the cornversion phaseends before
the bending of the trajectory is completed (which can
occur for exampleif the ensuingghost condensatephase
[13] starts early) then our numerical results show that
the total value of fy | is increased. This can be traced
badk to the fact that the contribution of the 2 term
in (24), which dominates at the end of conversion and
tends to decreasef | ™" ; is cut short. Sincethe es-
timates of f . assumingthe bending is completed tend
to give valuesof f\ | that are greater than obsenations
allow, there is little or no room for further enhancemen
Hence, an additional constraint on these models is that
the bend be substartially completed before the bounce
to an expansionphase.

The current obsenational constraints mertioned in the
intro duction imply that for models of this type we would
needjcj . 15 assumingthat the late-time single- eld
solution is reached by the end of the conversion process.
Therefore, in order to alsoobtain a red spectral tilt, one
is forcedto considermore generalpotentials, assuggested
in [28], where the curvature of the potential transverse
to the badkground trajectory is slightly modied. This
modi cation is denoted by the parameter in [28], and
it hasthe e ect of changing the relationship betweenthe
equation of state and the spectral index, making it pos-
sible to have a low value of ¢; and an obsenationally
acceptablespectral tilt at the sametime. Howevwer, this
places speci ¢ constraints on the form of the modi ed
potential and its parameters. Furthermore, should the
error bars on fy. come down further on the positive
side, even more tuning will be neededto obtain an ob-
senationally acceptablespectral index in these models.
In other words, modelswith conversionduring the ekpy-
rotic phase( . = e 1) aremoredicult to accommo-
date with current obsenations than those with conver-
sion during the kinetic energydominated phase( . = 3).

D. Conversion after the crunc h/bang transition

It hasrecertly been proposedby Battefeld [17] that,
instead of converting entropy perturbations into curva-
ture perturbations beforethe big crunch/big bangtransi-
tion, the corversioncould occur during the phaseshortly
following the bang through modulated reheating. The
concept is that massive matter elds are produced co-
piously at the brane collision and dominate the energy
density immediately after the bang. The massiwe elds
are assumedto coupleto ordinary matter with a strength
proportional to h( s), sothat their decay into ordinary
matter occursat slightly di erent times dependingonthe
value of s: In this way, the ordinary matter perturba-
tions inherit the entropic perturbation spectrum. Since
the conversion happenswhile . 3; we can expect an



intrinsic cortribution to fy of

fae Pa O(c); (52)
i.e. fnL is of the sameorder asin the caseof conver-
sion during the kinetic phase preceding the big crunch.
Moreover, asshown in [17], no signi cant additional con-
tributions to fy_ are expected. Therefore, models of
this type are subject to roughly the sameobsenational
constraints as the models where the conversion happens
during the kinetic phasebefore the bang and where the
intrinsic cortribution to the non-gaussianity is dominant.

Note howewer that a detailed prediction is made dif-
cult by the fact that h is an unknown function of s:
Indeed, the entropy perturbations are corverted with an
e ciency [17]

_ 3ih]
2 h

: (53)

Since the non-linearity in the entropy eld is of magni-

tude €; this implies a non-linearity in the curvature per-
turbation given by

€

f - 54

ST (54)

wherethe  signre ects our ignorance of the sign of h g

and of the direction of bending of the scalar eld trajec-

tory. Thus, in the absenceof a more detailed model, we

cannot gobeyond this rough order-of-magnitude estimate

at preser.

V. CONCLUSIONS

Our analysis can be summarized in a few rules of
thumb:

The intrinsic cortribution to jfy ] is proportional
to the geometric mean of ¢ and ., which is
at least two orders of magnitude greater than in
simple in ationary models (where jf It insic j =
0(0:1)). When all cortributions are considered,the
total fy L is genericallymore than an order of mag-
nitude greater than in simple in ationary models,
(where f £ = O(1)).

The value of jf %@ j is correlated with the spectral
tilt: smallerjf 1 j implies smaller ¢, which tends
to make the spectral tilt bluer. Current limits on
fne t well with limits on the spectral tilt for the
simplest models with cornversionduring the kinetic
energy driven phasebefore the bang or during re-
heating after the big bang.

Models in which the conversion occurs during a
phasewith larger . producea larger intrinsic jf | j
and are more dicult to t with the current ob-
sened limits on fy . and spectral tilt.

200+
total

NL 150}

100+

-50}

FIG. 4: A plot for characterizing the correlation between to-
tal fno and scalar spectral tilt, ns 1, here illustrated for
the caseof the cyclic model in which the conversion from en-
tropic to curvature perturbations occurs during the kinetic
energy dominated phasejust before the big crunch/big bang
transition. The certral curve correspondsto varying ek while
keeping the trajectory  xed at the value suggestedby het-
erotic M-theory [23]; it shows the generaltrend that fy . in-
creasesas the spectrum becomesredder. The dashed (blue)
curvesillustrate the range obtained by varying . Simple in-
ationary models correspond to the narrow horizontal hashed
(red) strip with jfnj . 1. The shaded rectangle represerts
the current obsenational constraints on fy . and tilt (95%
con dence) from WMAPS [1].

Casesin which the intrinsic corntribution to fy
is much smaller than the re ection plus integrated
contributions producesvery large valuesof jf y |
100that areinconsistert with current obsenational
bounds. This includes all caseswhere the conver-
sion is sharp.

The analysis suggestsa useful characteristic plot for
di erentiating cosmologicalmodels: f . versustilt. Fig-
ure 4 illustrates the prediction for the cyclic model in
which the corversion from entropic to curvature pertur-
bations occursin the kinetic energydominated epoch fol-
lowing the ekpyrotic phase. The prediction is a swath
whosewidth is largely due to the uncertainty in the tra-
jectory, parameterizedby . Although the swath includes
fnL near zero, positive f . between 10 and 100 s pre-
ferred for tilts in the range suggestedoy WMAP5. The
prediction for simple in ationary models is con ned to
the narrow band fy. . 1 around zero.

The results are surprisingly predictive. If obsenations
of fy L lie in the rangepredicted by the intrinsic cortribu-
tion of either in ationary or ekpyrotic/cyclic models,it is
reasonableto apply Occam'srazor and Bayesiananalysis
to favor one cosmologicalmodel over the other. Combin-
ing with measuremetts of the spectral tilt signi cantly
sharpensthe test. The current obsenational bounds ob-
tained by the WMAP satellite are still inconclusive, but
it is clear from the estimates preseried here that non-
gaussianity should be detected by the Planck satellite if



the ekpyrotic/cyclic model is correct. At the sametime,
this provides a strong incertive to further re ne other
methods of measuring non-gaussianiy, sud as looking
for evidencein measuremets of the large scalestructure
of the universe.
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