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Problem

Discuss the motion of a uniformly, azimuthally magnetized toroid that is inside a coaxial,
cylindrical capacitor when the magnetization goes to zero.

The two electrodes of the capacitor, and the toroid, can move without friction along their
common axis. Ignore gravity.
This problem, a variant of Cullwick’s paradox [1], was suggested by Vladimir Hnizdo.
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Solution

2.1

Electric and Magnetic Fields

The toroid has uniform azimuthal magnetization M = M φ̂ in cylindrical coordinates
(, φ, z). The total magnetic moment is zero, mtotal = M dVol = 0.
For uniform magnetization M, the volume density ρm = −∇ · M of “ﬁctitious” magnetic
charges is zero.1 For a toroid with azimuthal magnetization, the surface density σ m = M · n̂
of “ﬁctitious” magnetic charges is also zero (where n̂ is normal to the surface). Then, there
are no sources for the H-ﬁeld, which is hence zero. That is, H = B − 4πM = 0 everywhere,
such that B = 4πM is purely azimuthal inside the toroid and zero outside it.
We take the inner and outer radii of the toroid to be a and b, respectively, and suppose
the toroid has length l in the axial (z) direction large compared to b. The conductors of the
cylindrical capacitor are at radii a− and b+ , but do not touch the toroid.
1

For discussion of “fictitious” magnetic poles, see, for example, Appendix A of [2].

1

Inside the capacitor, away from its ends, the (static) electric ﬁeld is radial and given by
a
Er (a− <  < b+ ) = E0 .


(1)

The surface charge densities on the inner and outer electrodes (away from their ends) are
σ a− =

Er ( = a− )
E0
=
,
4π
4π

σb+ = −

Er ( = b+ )
a
= −E0
.
4π
4πb

(2)

The azimuthal magnetic ﬁeld B, which is deducible from an vector potential A that is
approximately azimuthal for z not close to the ends of the toroid, is given by
⎧
⎪
⎪
( < a),
⎪ 0
⎨
∂Az
B = ∇ × A,
Bφ (|z| < l/2) =
(3)
4πM (a <  < b), ≈ −
⎪
∂
⎪
⎪
⎩ 0
( > b).
We take the vector potential to be zero at  = ∞, such that
⎧
⎪
⎪
b − a ( < a),
⎪
⎨
Az (|z| < l/2) ≈ 4πM
b −  (a <  < b),
⎪
⎪
⎪
⎩ 0
( > b).
When the magnetization drops at rate Ṁ < 0, the induced
⎧
⎪
⎪
⎪ b−a
4πṀ ⎨
1 ∂Az
Eind,z (|z| < l/2) = −
≈−
b−
c ∂t
c ⎪
⎪
⎪
⎩ 0

2.2

(4)

electric ﬁeld is
( < a),
(a <  < b),

(5)

( > b).

Motion of the Capacitor

As the magnetization drops to zero, Ṁ < 0, there is no induced electric ﬁeld at the outer
conductor ( = b), while the ﬁeld on the inner conductor ( = a) is in the +z direction..
If the inner and outer conductors are free to move separately, only the inner conductor will
move, and in the +z direction as the surface charge density σ a is positive. The force per
unit length on the inner conductor is
Finner

conductor,z (

= a− ) = 2πaσa− Eind,z ( = a− ) = −

2πE0 Ṁ a(b − a)
,
c

so the inner conductor takes on mechanical momentum per unit length

2πE0 Ma(b − a)
,
Pinner conductor,z = Fz dt =
c

(6)

(7)

when the magnetization drops from M to zero. If the conductors are free to move, the inner
conductor has ﬁnal velocity in the +z direction, while the outer conductor remains at rest.
2

2.3

Motion of the Toroid

The magnetized toroid is a collection of Ampèrian magnetic dipoles (with azimuthal magnetic
moments m), meaning that their ﬁelds are consistent with being generated by electrical
currents (rather than by true (Gilbertian) magnetic charges, i.e., magnetic monopoles). The
force on an Ampèrian magnetic dipole m due to electromagnetic ﬁelds (generated by electric
charges and currents, including Ampèrian magnetization) is given, for example, in eq. (18)
of [3],
Fm = (m · ∇)B + m ×

1 ∂E
+ cm × (∇ × M).
c ∂t

(8)

In the present example, m, B and M are all azimuthal, so the force reduces to
Fm = m ×

1 ∂E
,
c ∂t

(9)

which is in the radial direction, recalling eq. (5). The total force on all the magnetic dipoles
in the (azimuthally symmetric) toroid is therefore zero.
This suggests that the toroid does not move as the magnetization falls to zero, while the
inner conductor of the capacitor does move. If so, this system would violate conservation of
momentum!

2.4

“Hidden” Mechanical Momentum

A related example, in which momentum appeared not to be conserved in an electromechanical
system initially “at rest”, led Shockley in 1967 to develop the notion of “hidden” mechanical
momentum [4], i.e., that the total mechanical momentum of a system is not necessarily
the product of its mechanical mass/energy and the velocity of the center of mechanical
mass/energy.2,3 This notion was clariﬁed in important ways by Coleman and Van Vleck
[9], and then Furry [10] deduced that the “hidden” mechanical momentum of an Ampèrian
magnetic dipole m, that is at rest in an electric ﬁeld due to electric charges also at rest, is4

E
E×B
dVol.
(10)
Phidden,mech = m × = −PEM = −
c
4πc
The view is that the total mechanical momentum of a magnetic dipole of mass m and
velocity v consists of its “overt” momentum mv plus its “hidden” momentum (10),
Pm,mech = Pm,overt + Pm,hidden = mv + m ×
2

E
.
c

(11)

The first such example was given in 1904 by J.J. Thomson on p. 348 of [5]. See also [6]. For examples with “hidden” mechanical momentum in systems with an electric dipole in a magnetic field due to
current loops, all “at rest”, such that various equal and opposite “overt” mechanical momenta arise as the
electromagnetic fields are brought to zero in various ways, see [7], especially secs. IV and V.
3
For a general discussion on the meaning of “hidden” momentum see [8].
4
Furry also noted that a Gilbertian magnetic dipole (composed of opposite, true magnetic charges) has
no “hidden” mechanical momentum when in a static electric field. That is, there must be moving electric
charge for a system to posses “hidden” mechanical momentum, such that it is plausible to associate the
momentum with moving charges. This theme is also sketched in footnote 9 of [9]. See also [6, 11].
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Then, Newton’s second law for the magnetic dipole is5
Fm =

dPm,mech
dPm,overt dm E
1 ∂E
=
+
× +m×
.
dt
dt
dt
c
c ∂t

(12)

Noting that the force on the dipole in the present example is given by eq. (9), we ﬁnd that
dm E
dPm,overt
=−
× .
dt
dt
c

(13)

As the magnetic moment drops from m to zero, the “overt” mechanical momentum of the
dipole rises to
Pm,overt,final = m ×

E
= Pm,hidden,initial .
c

(14)

We interpret this as the initial “hidden” mechanical momentum of the magnetic dipole at
rest in an electric ﬁeld being converted into “overt” mechanical momentum, i.e., motion of
the dipole as a whole, when its magnetic moment disappears.
Summing over the magnetic dipoles in the toroid, we obtain Newton’s second law for the
densities of force, of “overt” mechanical momentum, and of magnetization,

d
dptoroid,overt
∂M E
1 ∂E
M×E
=
ptoroid,overt +
,
=−
× .
(15)
fM = M ×
c ∂t
dt
c
dt
∂t
c
As the magnetization M drops to zero, the overt mechanical momentum of the toroid
changes, until ﬁnally the overt mechanical momentum per unit length of the toroid is



 b
ˆ
E
E0 a 
dpovert
Ptoroid,overt =
dArea
M φ̂ ×
dt = Minitial × dArea =
2π d
dt
c
c
a
2πE0 Ma(b − a)
(16)
ẑ = −Pinner conductor .
= −
c
Hence, the ﬁnal, total momentum, Pinner
expected.

2.5

conductor

+ Ptoroid,overt, of the system is zero, as

Forces and Momenta If the Electric Field Goes to Zero

If the electric ﬁeld of the cylindrical capacitor drops to zero but the magnetization of the
toroid remains constant, then according to eq. (15) there is no change in the “overt” mechanical momentum of the toroid, which therefore remains at rest as its “hidden” mechanical
momentum drops to zero.
Meanwhile, the charges on the conductors of the cylindrical capacitor experience no axial
electric ﬁeld as the radial electric ﬁeld drops to zero, so the conductors remain at rest.
In the ﬁnal state, with zero electric ﬁeld and nonzero B and M inside the toroid, there
is no mechanical momentum anywhere, “hidden” or “overt”, and the electromagnetic ﬁeld
momentum is also zero.
5

This argument was made implicitly by Shockley [4], and explictly on p. 53 of [12].
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2.6

Laboratory Demonstration of “Hidden” Mechanical
Momentum

The force density (15) is radial in the present example, so its volume integral vanishes,
with the implication that the mechanical momentum of the toroid remains constant as the
magnetization drops to zero. If the toroid is free to move, its ﬁnal velocity is in the −z
direction. Hence, the appearance of the ﬁnal, overt mechanical momentum of the toroid can
be regarded as evidence of the initial, “hidden” mechanical momentum. This suggests that
a laboratory demonstration of the present example would be useful in convincing skeptics of
the existence of “hidden” mechanical momentum.
So, we consider some numbers for a possible demonstration experiment. We take a ≈
b ≈ 1 cm. A practical voltage across the 1-cm cylindrical
capacitor might be around 1000 V
b
= 3.3 statvolt. This voltage is also given by V = a E d ≈ 4πP ln 2 ≈ 3P , so the surface
charge density is P ≈ 1 statCoulomb/cm2 . The magnetic ﬁeld inside a strong permanent
magnet is about B ≈ 1 T = 10,000 G = 4πM, so M ≈ 1000 in Gaussian units. Then, the
ﬁnal, overt momentum would be ≈ 8π 2 MP/c ≈ 10−7 g-cm/s, and for a toroid with mass of
a few grams, its ﬁnal velocity would be ≈ 10−7 cm/s, too small to be observable in a simple
demonstration.

A

Appendix: Abraham, Minkowski and “Hidden”
Momentum

As discussed in sec. 2.4, we consider that the total “hidden” mechanical momentum in
the azimuthally magnetized toroid, when inside a radial electric ﬁeld, is the sum of the
“hidden” mechanical momenta, m × E/c, of the magnetic dipole moments m that comprise
the magnetization. This nonzero mechanical momentum of the system, which is “at rest”,
is equal and opposite to the “ﬁeld-only” momentum
 b

l
2πE0 Ma(b − a)l
E0 a
E×B
(E−B)
dVol =
4πM 2π d =
ẑ.
(17)
PEM =
4πc
4πc a 
c
In 1903 Max Abraham argued [13] that the Poynting vector [14],
S=

c
E × H,
4π

(18)

which describes the ﬂow of energy in the electromagnetic ﬁeld, when divided by c2 has the
additional signiﬁcance of being the density of momentum stored in the electromagnetic ﬁeld,6
(A)

PEM =

E×H
4πc

(Abraham).

6

(19)

J.J. Thomson wrote the electromagnetic momentum as D × H/4πc in 1891 [15] and again in 1904 [5].
This form was also used Poincaré in 1900 [16], following Lorentz’ convention [17] that the force on electric
charge q be written q(D + v/c × H) and that the Poynting vector is (c/4π) D × H. For discussion of these
forms, see, for example, [2].

5

Of course, D = E + 4πP and H = B − 4πM, where P and M are the densities of electric
and magnetic polarization, respectively.
In 1908 Hermann Minkowski gave an alternative derivation [18] that the electromagneticmomentum density is7,8
(M)

PEM =

D×B
4πc

(Minkowksi),

(20)

and the debate over the merits of these two expressions continues to this day.9 Minkowski
died before adding to the debate, while Abraham published several times on it [23, 24, 25].
In the present example, where H = 0 everywhere, and D = E, we have that
(H)

PEM = 0,

(M)

(E−B)

PEM = PEM

(21)

As the nonzero “hidden” mechanical momentum of a system “at rest”, such as the present
example, must be balanced by an equal and opposite ﬁeld momentum, we infer that the
“ﬁeld-only” momentum (17), or the Minkowski momentum (20), is the true electromagnetic
ﬁeld momentum, in the sense of being the one that preserves momentum conservation for a
system “at rest”.
To distinguish between the “ﬁeld-only” momentum and the Minkowski momentum, we
suppose in Appendix B that the toroid has a dielectric constant such that D diﬀers from E.

B

Appendix: The Toroid is also an Dielectric

If the material of the toroid has relative dielectric constant  > 1, then the displacement
ﬁeld D has radial component (for |z| < l/2),
a
(22)
Dr (a− <  < b+ ) = E0 .

The surface charge densities on the inner and outer electrodes (away from their ends) are
E0
a
Dr ( = a− )
Dr ( = b+ )
=
,
σb+ = −
= −E0
.
(23)
4π
4π
4π
4πb
In addition, the inner and outer surfaces of the dielectric toroid have bound surface charge
densities, σbound = P · n̂ = (01)E · n̂,
σ a− =

( − 1)Er ( = a)
( − 1)Er ( = b)
( − 1)E0
a
=−
,
σb =
= ( − 1)E0
. (24)
4π
4π
4π
4πb
If the magnetization drops to zero, again no electric ﬁeld is induced at the outer radius,
while the induced ﬁeld at the inner radius is Eind,z = −4πṀ (b − a)/c. The inner conductor
takes on momentum

2πE0 Ma(b − a)
,
(25)
Pinner conductor,z = Fz dt =
c
σa = −

7

Heaviside gave the form (3) in 1891, p. 108 of [19], and a derivation (1902) essentially that of Minkowski
on pp. 146-147 of [20].
8
See also, for example, sec. 2.1 of [21].
9
For a lengthy bibliography on this topic, see [22].
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as M drops to zero, and the toroid takes on momentum
Ptoroid,z = −

2π( − 1)E0 Ma(b − a)
,
c

(26)

The total momentum imparted to the capacitor and toroid is
Ptotal,z =

2πE0Ma(b − a)
,
c

(27)

which is that same as for the case when  = 1 as discussed in sections 2.2-2.3.
The initial “ﬁeld-only” momentum is again,
 b

E×B
E0 a
l
2πE0 Ma(b − a)l
(E−B)
dVol =
4πM 2π d =
ẑ,
PEM =
4πc
4πc a 
c

(28)

as in eq. (17). The H ﬁeld is again zero everywhere, so the Abraham momentum again
vanishes

E×H
(A)
dVol = 0
(Abraham).
(29)
PEM =
4πc
The Minkowski momentum is now

2πE0 Ma(b − a)l
D×B
(M)
dVol =
ẑ.
PEM =
4πc
c

(Minkowski).

(30)

Of the three forms for “electromagnetic” momentum, it is the “ﬁeld-only” momentum
that is the same as the ﬁnal mechanical momentum of the system.
This leads to the view that both the Abraham and Minkowski momenta should be regarded as “pseudomomenta”, which include aspects of the momentum of the media that
support the ﬁelds D and H.10

C
C.1

Appendix: The Toroid is also an Electret
Toroid with Azimuthal Magnetization and Radial
Polarization

The radial electric ﬁeld in the above example could have been provided by the toroid itself
if it were also an electret.
First, we consider the toroid also to be an electret with uniform radial electric polarization
ˆ /4π.
P = −E0 
10

In the optics literature, where magnetization is generally negligible, there is a tendency to consider the
Abraham momentum as the true field momentum, while the Minkowski momentum is a pseudomomentum.
Of course, in examples where B = H, the Abraham momentum is the same as the “field-only” momentum,
which sometimes leads to the claim that the Abraham momentum is the proper one to consider. See, for
example, [26].
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The surface density of bound electric charge is then
ˆ=
σ e ( = a) = P · n̂ = −P · 

E0
,
4π

σe ( = b) = −

E0
.
4π

(31)

The electric ﬁeld inside the long toroid, at locations not close to its ends, is approximately
radial, and follows from Gauss’ law as
a
E (a <  < b) = E0 ,

and hence the interior D-ﬁeld is



D (a <  < b) = E + 4πP = E0

C.2

a
1−


(32)


= 4πP

1−

a


.

(33)

Toroid with Radial Magnetization and Azimuthal
Polarization

For possible amusement we consider a toroid as in the above example, but with radial
ˆ , and azimuthal polarization, P = P φ̂. In this case there is no
magnetization, M = M 
free or bound electric charge densities, either in the bulk or on the surface of the toroid.
Hence, there are no sources of the electric ﬁeld and E = 0 everywhere. Inside the toroid the
displacement ﬁeld in nonzero, Dinterior = E + 4πP = 4πP φ̂.
There is no bulk density of “ﬁctitious” magnetic charge associated with the radial magnetization, but there are “ﬁctitious” surface magnetic charge densities given by
σm ( = a) = −M,

σ m ( = b) = M.

(34)

The H-ﬁeld inside the long toroid, at locations not close to its ends, is approximately radial,
and follows from Gauss’ law (here ∇ · H = 4πρm ) as
a
Hr (a <  < b) = −4πM ,

and hence the interior B-ﬁeld is

(35)



Br (a <  < b) = Hr + 4πMr = 4πM

1−

a


.

(36)

This case is the dual of that described in sec. A.1, with the duality relations M ↔ P,
E ↔ H and D ↔ B.
If we accept that “hidden” mechanical momentum is due to the “external” electric ﬁeld E
on the Ampèrian currents/magnetic dipoles associated with the magnetization M, then there
is no “hidden” mechanical momentum
in the example of this section. This is consistent with

the “ﬁeld-only” momentum E×B dvol/4πc being zero. Of course, the Abraham momentum
is also zero in the case, but the Minkowski momentum is nonzero and in the −z direction.
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D

Appendix: Earlier Versions of the Toroidal-Magnet
Problem

Perhaps the earlier variant of the present problem was given in 1952, when Cullwick [27]
brieﬂy mentioned a charged particle moving along the axis of a toroidal magnet as an example
where electromagnetic ﬁeld momentum should be considered along with the mechanical
momentum of the charged particle. This example was developed more fully in sec. 17.9 of
[28], where it was pointed out that if the magnetic ﬁeld of the toroid is held steady while
the charge moves along the axis, the toroid experiences a force while the charge does not.
See also [1, 29, 30].
The “paradox” here was considered to be resolved by noting that the sum of the mechanical momentum of the charge and the electromagnetic ﬁeld momentum of the system is
constant in time as the charge moves. However, even when the charge is at rest, the electromagnetic ﬁeld momentum of the system is nonzero. This was considered to be acceptable as
late as 1965 [30]. Only in 1967, in consideration of related examples, did Penﬁeld and Haus,
pp. 214-216 of [31] and also [32], Costa de Beauregard [33], and, most explicitly, Shockley [4]
note that the total momentum of a system “at rest” should be zero, and hence these examples must also contain “hidden” mechanical momentum equal and opposite to the nonzero
electromagnetic ﬁeld momentum.
Cullwick’s example was considered again in sec. 3 of [34] (with the assumption that
the azimuthal magnetic ﬁeld inside the toroid was produced by currents on its surface).
However, there was no awareness of “hidden” mechanical momentum in this discussion, and
like the earlier discussions through 1965 it was supposed that a system “at rest” could posses
nonzero total momentum. A commentary [35] correctly noted that if the surface currents
were conduction currents these would be associated with surface charges that “shield” the
both the surface currents and interior of the toroid from the external electric ﬁeld (but not
from the induced electric ﬁeld if the currents drop to zero), such that there is no initial
“hidden” mechanical momentum (and no initial electromagnetic ﬁeld momentum). Then, in
this case there is indeed zero total momentum when the system is “at rest.11
The present example of an azimuthally magnetized toroid inside a cylindrical capacitor
illustrates the roles of the Poynting vector, the electromagnetic ﬁeld momentum and the
“hidden” mechanical momentum in a system that is initially “at rest”, with the pedagogic
advantage that the various ﬁelds and momenta are readily computed and are relevant to the
Abraham-Minkowski debate.

E

Appendix: “Hidden” Momentum via Work rather
than the Poynting Vector

Many explanations of “hidden” mechanical momentum proceed via consideration of the
work done by the electric ﬁeld on the moving charges that comprise the electrical current
11

The commentary did not point out that if the electric charge is initially at rest and the currents drop
to zero, the induced electric field acts on these surface currents to give the toroid momentum equal and
opposite to that of the charge.
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[7, 31, 41, 42, 43]. This is appealing from the point of view of mechanics, but leaves open
the question of where does the energy gained by the charges come from?
A tacit view associated with the work done by the electric ﬁeld is that the energy gained
by the charges has come from the (distant) sources of the electric ﬁeld. However, this view is
not very “Maxwellian”, with its implication of action at a distance, or that the energy ﬂowed
along lines of the electric ﬁeld that does the work. In contrast, the view considered here is
that the Poynting vector describes the ﬂow of electromagnetic energy, which indicates that
the ﬂow of energy is perpendicular to lines of the electric (and magnetic) ﬁeld. Indeed, in
the present example, the energy gained by charges on the rotating disk comes from energy
lost by other charged particles elsewhere on the same disk, rather than from the charges on
the capacitor plates (or from the electric ﬁeld of the capacitor).
That is, the arguments presented here have the possible appeal of being more “Maxwellian”
than those based on work done by the electric ﬁeld, although both approaches succeed in
accounting for the “hidden” mechanical momentum of the electrical currents.12

E.1

Tellegen’s Variant of Poynting’s Theorem

The “ﬁeld-only” electromagnetic momentum (17) is associated with the “ﬁeld-only” Poynting
vector, S(E−B) ,
(E−B)

pEM

=

E×B
S(E−B)
,
=
4πc
c2

(37)

which obeys the version of Poynting’s theorem that,
∇·S

(E−B)


∂u(E−B)
4π
4π
∂P
= Psource = − E · Jtotal −
E · Jfree +
+ c∇ × M ,
+
∂t
c
c
∂t
c
E2 + B2
E × B,
u(E−B) =
.
(38)
S(E−B) =
4π
8π

This version of Poynting’s theorem was presented by Fano, Chu and Adler (1960) in
sec. 7.10 of [36]. However, those authors were immediately disconcerted by the implication
(their sec. 5.4) that a (nonconducting) permanent magnet in an electric ﬁeld supports a
ﬂow of energy from one part of the magnet to another, even when the system is nominally
static. That is, Fano, Chu and Adler were bothered by examples like the present, and this
concern was perhaps the direct cause of Shockley’s development of the notion of “hidden”
momentum.
The discomfort of Fano, Chu and Adler with eq. (38) led to the suggestion by Tellegen
of another form,

4π
∂u(E−B)
∂P
c
∂B
(Poynting)
= − E · Jfree +
, S(Poynting) =
E × H,(39)
+
+ 4πM ·
∇·S
∂t
c
∂t
∂t
4π
12

Penfield and Haus [31] were the first to deduce the existence of “hidden” mechanical momentum from
consideration of the work done on electrical currents by an external electric field. However, they also supposed
that the Poynting’s theorem had the form (39) such that the energy gained by the currents could not have
been transmitted through the electromagnetic field if those currents were of the Ampèrian form c∇ × M
associated with magnetization M.
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in eq. (4) of [37], which was also used in eq. (7.70) of [31], and in eq. (5) of [38]. This
hybrid form of Poynting’s theorem was perhaps devised so that static examples of permanent
magnets in an electric ﬁeld have no energy ﬂow. However, this leaves unresolved that if the
magnetization drops to zero, the sources of the electric ﬁeld receive a kick, while the magnet
appears not to, which is a violation of conservation of momentum.
It appears that around 1960 (shortly after the ﬁrst artiﬁcial satellite, Sputnik, was
launched), some people were hopeful of exotic means of rocket propulsion, and that “bootstrap spaceships” [39], based on violation of conservation of momentum, were taken seriously
for a few years (and still are by a small minority such as [34]), even though these had been
argued against by Slepian around 1950 in two delightful puzzlers [40].
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(1900), http://physics.princeton.edu/~mcdonald/examples/EM/poincare_an_5_252_00.pdf
Translation: The Theory of Lorentz and the Principle of Reaction,
http://physics.princeton.edu/~mcdonald/examples/EM/poincare_an_5_252_00_english.pdf
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