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¥ The well-known model  FQHE wavefunctions related to 
conformal Þeld theory are proportional to Jack polynomials,

¥ Much extra structure follows from this,

¥ can non-unitary cft also be relevant for FQHE?  (r > 2)



¥ generic incompressible FQHE droplets covering an area 2" N! are described by 
polynomial wavefunctions obeying both highest-weight and lowest-weight conditions
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(This is the condition that the state is translationally-invariant when put on the Riemannn sphere)

¥ Special model wavefunctions such as the Laughlin state have a non-generic strong 
property:  domina nce b y a Òroot conÞgur ationÓ .

¥ They are also (proportional to) conformal Þeld theory correlation functions (Why?)



¥ The Laughlin state, Moore-Read State, and Read-Rezayi 
states are all proportional to Jack polynomials  
(which have the ÒdominanceÓ property).

¥ Jacks are symmetric polynomials in N variables, labeled 
by a Jack parameter "  and a ÒpaddedÓ partition !  of N 
nonnegative integers.
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¥Jack polynomials are eigenfunctions of a 
Laplace-Beltrami operator
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¥Which Jacks are possible FQHE states? (i.e., 
satisfy both Òhighest-weightÓ and Òlowest -weightÓ conditions?)
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(negative rational, k+1 and 
r-1 are relative primes)

! 0(k, r ) =
ÒdensestÓ Òk,r-admissibleÓ partition

(not more than k particles in 
r consecutive boson orbitals)!
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occupation pattern 20202020....



¥ Ò(k,r)-admissibilityÓ is a Ògeneralized Pauli principleÓ.

¥ Jacks with negative rational Jack parameter were Þrst considered by 

Feigin, Jimbo, Miwa, Mushkin (FJMM, 2002).   They are in general 
singular at negative rational Jack parameter, but not 
when the partition is ÒadmissibleÓ

¥ admissible Jacks vanish as a cluster of k coordinates 
come together: 

¥ admissible Jacks are a basis for wavefunctions of 
incompressible FQHE droplets swelled by the 
addition of quasiholes.

! (zk " Z )r
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most
compressed



¥The maximally compressed (k,r) Jacks 
describe bosonic FQHE droplets with Þlling 
k/r.

¥Multiply by a Laughlin factor to get 
fermionic/bosonic states with Þlling factor 
k/(mk+r), m = (odd/even)
!
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k=r=2,m=1
for fermion 
Moore-Read 

1/2 state
These (k,r,m)-states are also polynomials with 
the dominance property.



¥Space spanned by (k,r,m) polynomials has a 
count of linearly-independent states that 
satisÞes (k-r-m) exclusion statistics:

¥not more than k particles in any group of 
km+r consecutive ÒorbitalsÓ

¥not more than 1 particle in m consecutive 
orbitals.

¥gives both topological (internal) and 
conformal (edge) spectrum of FQHE state.



¥example: bosonic "  = 1  Moore-Read.

202020202020. . .

11111111111. . .
020202020202. . .

Jack with this !  is vacuum state

charge -1/2 quasihole at origin

charge -1 vortex (= 2 quasiholes) at origin

edge (=SU(2)2  WZW conformal Þeld theory)

. . . 0202020202020000000000 . . .
. . . 111111110000000000. . .
. . . 111111111000000000. . .

. . . 02020202020000000000. . .

. . . 02020202010000000000. . .
. . . 020202020000000000. . .

vacuum spin-0 primary
spin-1/2 (h=3/16) primary

spin-1 (h=1/2) primary

interior (topological Þeld theory)



¥example: fermionic "  = 2/4 (= 1/2) Moore-Read.

vacuum state
charge -1/4 quasihole at origin

charge -1/2 vortex (even fermion number) 

interior (topological Þeld theory)
11001100110011. . .
101010101010. . .
011001100110011. . .
100110011001100. . . charge -1/2 vortex (odd fermion number) 

0101010101010. . .

0011001100110011. . .

¥ 6 topologically distinct sectors.  charge -1/4 non-abelian quasiholes can ÒhopÓ 4 
orbital positions to the right to generate full spectrum in each sector

¥ 6 (k,r,m) = (2,2,1) conformal blocks:  

1100 0110 0011 1001 1010 0101



(k,r,m)-exclusion rules ÒtriviallyÓ  lead to:

¥  classiÞcation of topological sectors, conformal blocks, and 
their Verlinde fusion rules.

¥ Structure and classiÞcation of the elementary topological 
defects, and their polynomial wavefunctions.

¥ quantized electrical and thermal (Leduc-Righi) Hall 
anomalies at edge: and total and by-sector Òquantum 
dimensionÓ.

! =
k

km + r ÷c =
k(r + 1)

k + r
electric Hall anomaly thermal Hall anomaly

Note: NO need for relatively
prime numerators and 

denominators.

k+1 and r-1 are
relative primes.



connection to CFT:

¥FJMM conjectured a connection to ÒW-
minimalÓ cft (U(1) sector is modiÞed for 
m> 0)  

¥They proved it for the Unitary cases r=2

¥Counting rules conÞrm the connection 
(Thermal anomaly is Òeffective conformal 
anomalyÓ, etc)

W k+1 ,k + r
k

But..  cft is NON-UNITARY for r > 2



¥As wavefunctions, the k> 1,r>2 states seem no 
different to the r=2 cases (unitary, Read-
Rezayi (include Moore-Read)

¥naive cft calculation would give quasiparticle 
propagators that GROW with distance = very 
unphysical.

¥Until now, we have only used polynomial 
algebra, and linear independence, but no 
Hilbert space overlaps and norms. 



¥quantum mechanics asserts monomials 
(occupation number states) are 
orthogonal, with a geometry-dependent 
norm.

!m! |m! ! " = ! ! ,! !
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(gm )n m (! )

nm (" )!

occupation
of orbital m

involves geometry (sphere, 
disk,cylinder etc.)

¥cft predicts asymptotic power-law 
correlations of Þelds depends on scaling 
dimension h:   (z-zÕ)-2h 

non-unitary cft has h < 0 Þelds!



¥Only in the unitary case is the conformal 
anomaly (from Virasoro algebra) equal to 
the Òeffective conformal anomalyÓ (Thermal 
Hall anomaly)

¥Quasihole propators numerically calculated 
from polynomial algebra + quantum scalar 
product are well-behaved whether or not 
the related cft is unitary or not.



Quasihole Propagators

Quasiholes

¥If calculated using non-unitary CFT               ; Using many-body WF      ! ! " " !

¥Remarkable fact: for FQH states described by unitary CFTs, the CFT and 
quantum mechanical scalar product give the same               . Very mysterious!!!  ! ! " # !

¥New Proposal: Non-Unitary CFTÕs have ÒeffectiveÓ Quantum Mechanical scaling 
dimensions               , just like the well-known Òeffective central chargeÓ  

! ! " # !

! ! " # !
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summary

¥Jack polynomials and (k,r,m) exclusion rules  
are deeply related to the popular model 
wavefunctions which mysteriously are cft 
correlators.

¥r>2 states relate to non-unitary cft.   Can 
these also describe FQHE states, despite 
the presumption that Ònon-unitarityÓ is 
fatal?

see cond-mat preprint. arXiv:0707.3637


